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In this note we discuss a divide and conquer algorithm for matrix multiplication. Given two n× n matrices A
and B with entries aij and bij respectively, the product C = AB is defined as having entries cij =

∑
k aikbkj .

TheNaivemethod to compute this product isO(n3) time, as there are n3 entries aikbkj that we need to compute.
The question is: can we do this faster.
It is useful to note that adding matrices is faster. Given the two n×nmatricesA andB, computingD = A+B
only takes O(n2) time.
Assume thatn is even, thanwe can think of ourmatrices as each composed of 4 sub-matricesA11, A12, A21, A22,
each of size n/2× n/2 only, as suggested below.

A =
A11 A12

A21 A22
and B =

B11 B12

B21 B22

Using this notation, we get that the matrix C can be written as

C =
A11B11 +A12B21 A12B21 +A12B22

A21B11 +A22B21 A22B21 +A22B22

So a natural recursive algorithm would suggest to compute each of the 8 products of the smaller matrices to
get the matrix C . This gives us the following recursion for the running time (assuming n even)

T (n) ≤ 8T (n/2) + cn2

for some constant c, where the cn2 term is accounting for the 4 matrix additions we have to do, plus any data
manipulations.
Assuming n is a power of 2, we can use this recursively, till we get down to 1 by 1matrices, and get the following
subproblems

level number of subproblems size of subproblems
0 1 n× n

1 8 n/2× n/2

2 64 n/4× n/4

.

.

.

i 8i n/2i × n/2i

.

.

.

The time we spend on matrix addition at level i is 8ic(n/2i)2. There will be log2 n levels, so the total time is
bounded by

log2 n∑
i=0

8i · c( n
2i
)2 =

log2 n∑
i=0

8i · cn
2

4i
= cn2

log2 n∑
i=0

2i ≤ 2cn2 · 2log2 n = 2cn3



To save over theO(n3) running time, we need to so fewer than 8 multiplication. Strassen’s observation [1] was
that this is possible:

M1 = (A11 +A22)(B11 +B22)

M2 = (A21 +A22)B11

M3 = A11(B12 −B22)

M4 = A22(B21 −B11)

M5 = (A11 +A12)B22

M6 = (A21 −A11)(B11 +B12)

M7 = (A12 −A22)(B21 +B22)

Using the results of these 7 multiplications we can write

C11 = M1 +M4 −M5 +M7

C12 = M3 +M5

C21 = M2 +M4

C22 = M1 −M2 +M3 +M6

This method gets us the product C = AB with 7 multiplications with n/2 × n/2 matrices and 10 matrix
additions or subtractions to just set up the parts needed for the products and 8 more to get the final answer. A
total of O(n2) time, though with 18 additions the constant in the O(.) is getting rather big. We then get the
following recurrence for the running time T (n) for n× n matrix multiplication, assuming n is even:

T (n) ≤ 7T (n/2) + cn2

The number of levels is log2 n again. Unrolling the recurrence we get the following bound on the running time,
assuming n is a power of 2

T (n) ≤
log2 n∑
i=0

7i · c( n
2i
)2 = cn2

log2 n∑
i=0

(
7

4
)i ≤ cn2(

7

4
)log2 n = c7log2 n = cnlog2 7 = O(n2.81)

There has been improvements in bounds for matrix multiplication since, the best know bound isO(n2.373) (see
[2, 3, 4] at this time, but decreasing the worse case does come with increasing the constant in O(.) so at this
point maybe Strassen is the most practical even for very big matrices. Another issue that may make other the
classical methods better if the matrix is structured and sparse (as many 0 entries), possibly allowing much fewer
multiplications.
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